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In this study, it is demonstrated that the motion of hinges in single protein molecules can be modeled as general fractional Lange-
vin dynamics of harmonically bound particles driven by non-local Gaussian noise with a power-law correlation. This conclusion 
was justified by comparing the theoretical predictions of the proposed model to the existing molecular dynamics simulations per-
formed on the M6I mutant of phage T4 lysozyme and E. coli ribonuclease H1. 
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Proteins are not static rigid molecules as observed in X-ray 
crystallographic structures. Rather, proteins are flexible and 
constantly perform conformational fluctuations around their 
equilibrium configurations [1–5]. Recent advances in sin-
gle-molecule fluorescence spectroscopy have confirmed this 
because researchers have directly observed motions of pro-
teins over a broad timeframe (10–3–100 s) [6,7]. There are 
usually four levels of structural organization in proteins and 
the tertiary structure of proteins often defines their biologi-
cal functions [4]. Understanding how the conformational 
dynamics of proteins influences their biological function is 
an unresolved problem of long-standing interest [1−9]. 
Computer simulations play an indispensable role in char-
acterizing the structure and dynamic properties of molecules 
[10−19] because direct experimental observations of sin-
gle-molecule motions within very small temporal and spa-
tial resolutions are difficult. Arnold and Ornstein [14] stud-
ied the hinge-bending motions of T4 lysozyme in an aque-
ous solution on the basis of molecular dynamics (MD) simu-
lations. In comparison to the crystalline environment, this 
study observed the conformational re-organization of T4 
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lysozyme. Philippopoulos and Lim [15] performed 500 ps 
MD simulations on the backbone motion of Escherichia coli 
ribonuclease H1 in solution with the aim to understand the 
NMR-derived backbone model free parameters and X-ray 
B-factor values of the free enzyme. Although full-atom MD 
simulations is a successful technique used to describe con-
formational fluctuations of biomolecules within certain 
temporal and spatial scales, the functionally interesting 
long-time results are difficult to obtain due to the time- 
consuming simulations required. This limitation usually 
calls for the development of coarse-grained simulation 
techniques. The author and coworkers [16−19] have pro-
posed a generalized bead-rod model for the Brownian dy-
namics simulations of strongly confined macromolecules.  
Besides MD simulations on single molecules, analytic 
solutions are sometimes available with the help of advanced 
mathematical concepts and tools. On the globular protein 
molecules with compact domains connected by flexible 
alpha helices, such as lysozyme, the bending motion of each 
domain can be treated as a one-dimensional Langevin mo-
tion of a rigid body connected by a viscoelastic spring [1]. 
The driving force in this protein motion is assumed to be the 
Gaussian-type random function of time with localized 
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autocorrelation as described by McCammon et al. [1]. For 
this case, analytic solutions can easily be obtained. How-
ever, this model is based on the localized random process, 
which may be inaccurate in many biological systems [4]. 
An alternative possibility is that the behavior of such a sys-
tem is dominated by a random force with broad band dis-
tribution or, more precisely, with a power-law tail, implying 
the Langevin motion with a slow non-exponential-decay 
memory. If the memory kernel has the power-law decay, we 
refer to such a Langevin equation as a fractional Langevin 
equation. Kou et al. [20,21] reported a model of this type for 
the fluctuation of displacement between a donor and an ac-
ceptor of electron transfer within a protein complex, where 
the inertia term in the governing equation is disregarded. 
Other systems, such as a tagged point on the lipid mem-
brane, may also perform fractional Langevin dynamics 
within a certain time range [22,23]. In view of the broad 
applications of the fractional Langevin equations, quite a 
few analytic solutions have been available for the equations 
under overdamped conditions [20−22,24,25]. 
In the present study, we aim to establish a fractional sto-
chastic model for the hinge-bending motion of single pro-
tein molecules, where domains or backbone regions in the 
protein are assumed to be bound by harmonic potentials, 
and perform fractional Langevin motion driven by non-local 
random forces with a general power-law correlation rather 
than the localized correlation as suggested by McCammon 
et al. [1]. Using the techniques of Laplace transform, Taylor 
expansions and the wavelet-based Laplace inversion 
method, analytic solutions are obtained for various moments 
and correlation functions of the velocity and displacement. 
Comparison between the theoretical predictions and existing 
molecular dynamics simulations for the M6I mutant of 
phage T4 lysozyme and E. coli ribonuclease H1 shows that 
the fractional model fits the molecular dynamics simulation 
data very well. 
1  Formulation and computational methodology 
A particle immersed in a simple liquid like water will per-
form Brownian motion due to the frequent collisions with 
the surrounding liquid molecules. The motion can be mod-
eled by a Langevin equation with random thermal force, 
F(t), which is a white Gaussian noise with zero mean, 
<F(t)>=0, and localized correlation, <F(t)F(0)>∝δ(t). This 
type of motion has been studied extensively (see Uhlenbeck 
and Ornstein [26]). On the other hand, when the surround-
ing medium is no longer a simple liquid, but includes com-
plex internal structures, like the cytoplasm, the correspond-
ing thermal forces can be described as zero-centered noises 
with non-local correlations [4,20−24,27,28], i.e. <F(t)>=0, 
<F(t)F(0)>=C(t), where C(t) is a slow decay function. 
The random thermal force is usually related to the fric-
tion coefficient or memory kernel through the fluctuation- 
dissipation theorem if the fluctuation and the dissipation 
have the same origin [29−31]. Consider the fractional 
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where m is the mass, t the time, X(t) the displacement, X  
the velocity, X  the acceleration, K(t) the memory kernel 
with power law tail, ω the frequency parameter, H(t) the 
applied external force and F(t) the zero-centered broad-band 
random force with a correlation function:  
( ) ( ) (| |).F t F C tτ τ< >= −              (2) 
The second fluctuation-dissipation theorem [25−27] reads 
C(t)=kBTK(t) with kB the Boltzmann constant and T the ab-
solute temperature, which ensures that the system will fi-
nally reach the equilibrium state; otherwise, for an external 
noise, the fluctuation-dissipation relation will not hold and 
the system will never reach equilibrium.  
The fractional Langevin eq. (1) can be extensively used 
to model and explain various anomalous kinetics that are 
observed in different experiments including the motions of 
microspheres in biological cells and polymer networks, and 
conformational fluctuations within a single protein molecule 
as reviewed in [27]. Analytical solutions are invaluable due 
to their broad applications. However, for eq. (1) with a gen-
eral memory kernel, analytic solutions are usually difficult 
to obtain due to the existence of singular convolution terms 
with fractional power law [20−22,24,25, 32]. 
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where Γ(·) is the Gamma function and ξ  the friction co-
efficient. Applying Laplace transform to eq. (1) yields [33− 
35] 
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the Laplace transform of a function f(t) is defined as ( )f s .  
Performing an inverse Laplace transform to eq. (4), we 
obtain the expressions of displacement and velocity as  
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The first order moments of displacement and velocity can 
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where we have considered <F(t)>=0. Using eq. (2), the 
second order moments of displacement and velocity can be 
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The transfer function G(t) in eqs. (7)−(11) can be ob-
tained by performing an inverse Laplace transform with 
respect to ( )G s . To do so, we adopt an idea based on the 
Taylor series expansion [36,37]. Let η=sα/(s2+ω2), so that 
the Laplace transform of G(t) can be rewritten as 
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Performing a Laplace inversion to eq. (15), we obtain 
(2 ) 1 ( ) 2 2
2,2
1














−= + −∑   (16) 
And similarly we have 
(2 ) ( ) 2 2
2,2 1
1










ξω ω∞ − − −
=
−= + −∑   (17) 
20
(2 ) 2 ( ) 2 2
2,2 1
1
1 cos( )( )d




















where we have used the formula [30−32] 
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For small t values, eqs. (16)−(18) can be approximated as 
1
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It can be easily verified that eqs. (21)−(23) have good 
accuracy within a few periods of oscillation in comparison 
to the corresponding exact expressions in eqs. (16)−(19). 
On the other hand, for large time t values, we have 
00
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In the case that the external force H(t)=0, inserting eqs. 
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We note that these results have been obtained by Wang and 
Masoliver [30] and some other researchers through some-
what different methods. 
In practical applications, the Mittag-Leffler functions and 
their high order derivatives are usually difficult to calculate 
especially when the time is large. Here, we adopt a special 
method of Laplace inversion suggested by the author and 




τ τ τ∫ . This wavelet-based approach of Laplace 
inversion has been justified by successful applications in 
vibration problems associated with randomness [40,41] and 
fractional damping [38].  
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where ( )K s  can be the Laplace transform of an arbitrary 
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The analytical Laplace inversion of eq. (30) is usually dif-
ficult to obtain using conventional methods. Here we con-
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where β is a real constant that insures e ( )tG tβω−  
2 ( ),R∈ L and n is an integer indicating that eq. (31) has very 
good accuracy for [0,2 π]ntω ∈ . In practical computations, 
the range of index k for the summation can be determined in 
terms of the typical frequency ω [38,39] of G(t). For exam-
ple, the maximum and minimum values of k in eq. (31) can 
be determined once the frequency bandwidth [ωmin, ωmax] of 
G(t) has been chosen [38].  
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Eq. (32) does not involve the calculations of complicated 
generalized Mittag-Leffler functions and associated deriva-
tives [30,31], making this equation more convenient in 
practical applications than eq. (16). 
2  Results and discussion 
Many proteins function according to their conformational 
changes, which can be shear motion of small amplitudes, 
hinge bending motions of large amplitudes, or combinations 
of the two [4], among which the hinge-bending motion is 
produced by a few localized rotations of the hinge that leads 
to the dramatic changes of the rigid domains as a whole. A 
classical example to demonstrate that the hinge-bending 
motion can affect the protein function is found in the perip-
lasmic receptors of the bacterial ABC transporter systems 
[42,43]. In such systems, the amplitude of hinge-bending 
motions is usually large so that enough space can be created 
to enclose the small molecule ligand that is bound to the 
periplasmic proteins [42,43]. Many proteins deform via 
domain hinge motions, such as T4 lysozyme, the glutamine 
binding protein, the periplasmic dipeptide binding protein 
from E. coli, and the lysine/arginine/ornithine binding pro-
tein [4,44]. Although a few studies have been performed to 
characterize protein hinge motions [1,2,4], how such mo-
tions influence the biological function of proteins remains 
largely unknown. The development of new techniques and 
methods for modeling such motion remains a bottleneck 
that limits further progress in this area. 
Here we consider a protein consisting of two rigid do-
mains as shown in Figure 1. We use the single fractional 
Langevin equation to model the dynamics of the position of 
an atom X(t) on one of the domains as  
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where m represents the mass of the single protein molecule.  
The M6I mutant of phage T4 lysozyme with a molecular 
weight of 18635 Da is composed of two distinct globular 
domains between which is positioned the active site cleft 
[1,2,14,45−47]. The molecular structure about M6I is shown 
in Figure 2, which is taken from the protein data bank (PDB) 
entry 150L [48]. Arnold and Ornstein [14] using MD simula-
tions studied the hinge bending motion of native and the 
M6I mutant T4 lysozymes and obtained the root mean 
square deviation (RMSD) in backbone atom positions. The 
RMSD values of the M6I trajectory reached a plateau after 
275 ps and fluctuate with an amplitude of (2.7±0.1) Å over 
the final 225 ps of the total 500 ps trajectory. The position 
of this plateau is at around 2.85 Å. In the Langevin dynam-
ics model, the RMSD reaches 2/( )Bk T mω  in the long 
timeframe limit as shown in eq. (27). Thus we have  
2 0.285 nm.
Bk T
mω ≈              (34) 
We choose other model parameters in eq. (33) as m=18619 
Da, T=300 K. From eq. (34), we can estimate ω≈40.548 
ns–1. Based on these model parameters, eqs. (16) and (32) 
provide theoretical predictions on the RMSD values of the 
M6I trajectory. Figure 2 shows the RMSD obtained based 
on the model. Eq. (33) can fit the RMSD generated from the 
MD simulations by Arnold and Ornstein [14] very well 
when α=0.83 and ξ/m=3×1011sα–2. From Figure 2, we also 
find that the predictions are sensitive to the values of the 
parameter α. 
To further verify the fractional Langevin model for protein 
motion, we considered the E. coli ribonuclease H1, which is a 
potential target for drugs against retroviral diseases, such as 
HIV infections and AIDS [15,49]. The molecular structure  
 
Figure 2  RMSD of the backbone atom positions of the M6I mutant of 
phage T4 lysozyme. Solid squares represent the MD data by Arnold and 
Ornstein [14], solid and dashed lines represent the results obtained from eq. 
(16) using the parameters m=18635 Da, ξ/m=3×1011sα–2, T=300 K, 
ω≈40.5 ns–1 and α=0.90, 0.83, 0.80. 
(PDB entry 2RN2) is shown in Figure 3 and the protein has 
a molecular weight of 17581 Da [48,50]. Philippopoulos 
and Lim [15] using MD simulations studied the backbone 
motion and obtained the RMSD of the backbone atom posi-
tions. The obtained RMSD initially rises but after 100 ps it 
fluctuates between 1.0 and 1.7 Å. We take the mean posi-
tion of this plateau as 1.42 Å, which gives 2/( )Bk T mω =  
0.142 nm.We further take ξ/m=6.0×1011sα–2, T=300 K, then 
predictions based on the fractional model (33) fit well with 
the data generated from MD simulations [15] when α=0.83, 
 
Figure 3  RMSD of the backbone atom positions of E. coli ribonuclease 
H1. Solid square symbols represent the MD data by Philippopoulos and 
Lim [15], the solid and dashed lines represent the results obtained from eq. 
(32) using the parameters m=17581 Da, ξ/m=6×1011sα–2, T=300 K, ω≈ 
83.9 ns–1 and α=0.90, 0.83, 0.80. 
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as shown in Figure 3. This observation again confirms that 
the fractional Langevin model is suitable in describing pro-
tein motions. From Figure 3, we also observe that the theo-
retical predictions sensitively depend on the parameter α, 
and α=0.83 appears to be a good choice for both cases.  
We should note that the theoretical predictions in Figure 
3 are obtained using eq. (33) instead of eq. (16). At long 
times, it is numerically challenging to perform this opera-
tion using eq. (16) with the parameter choices for E. coli 
ribonuclease H1. 
3  Conclusions 
We have analytically solved the general fractional Langevin 
equations for harmonically bound particles. For the case of 
the single fractional memory kernel, solutions based on the 
Mittag-Leffler functions are obtained using the techniques 
of Laplace transform and Taylor expansion. The Mittag- 
Leffler functions and their high-order derivatives are usu-
ally difficult to calculate when the time is long. For more 
general cases of fractional Langevin equations with multi- 
fractional kernels, we have expressed the solutions using the 
wavelet-based Laplace inversion technique.  
Protein motions are modeled using fractional Langevin 
dynamics in a harmonic potential. The proposed model can 
reproduce the RMSDs obtained using MD simulations for 
the backbone motions of the M6I mutant of phage T4 ly-
sozyme and E. coli ribonuclease H1. Typical model pa-
rameter values are justified and provide a reference for fu-
ture fractional Langevin dynamics modeling of other pro-
tein motions. Surprisingly, the parameter α, which charac-
terizes the decay rate of the memory kernel, is found to be 
~0.83≈5/6 for two different proteins. Further investigations 
will focus on determining if 5/6 is a unique decay rate for 
other proteins. 
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